Let Y be a smooth projective irreducible curve defined over a finite field F q . We assume that G is a finite subgroup of the automorphism group of Y whose order divides q − 1. We show that relations among idempotents corresponding to the irreducible characters of subgroups H of G imply similar relations among generalized p-ranks of Y . We also relate this result to the realization of finite groups as Galois groups of finite unramified Galois covers of a curve over F q .
Introduction
Let Y be a smooth projective irreducible curve of genus g defined over a finite field F q of q = p n elements. Let G be a finite subgroup of order m prime to p of the group Aut(Y ) of automorphisms of Y . Enlarge F q , if necessary, so that it contains a primitive m-th root of unity. Let Q be the algebraic closure of Q. For each subgroup H of G, let ρ χ H : H → GL(V χ H ) be an irreducible representation of H in Q of character χ H and e χ H = h∈H h corresponding to trivial characters 1 H of each subgroup H of G have been used to obtain relations among the genera and p-ranks of algebraic curves (cf. [3] , [2] and [4] ). In this paper we obtain similar results to generalized p-ranks of curves, the generalized Hasse-Witt invariants.
In Section 2 we show that idempotent relations imply relations between L-functions of the cover Y → Y /H with respect to the characters χ H . In Section 3 we review the expression of the L-functions modulo p in terms of the characteristic polynomial of the Cartier operator on regular differentials of Y × Fq F q and obtain our first numerical result. Finally in Section 4 we relate these results to conditions finite groups which are extensions of a group of order prime to p by a p-group to be Galois groups of unramified Galois covers of curves over an algebraically closed field of characteristic p.
Relations among L-functions
Let Y H = Y /H be the quotient curve and F the geometric Frobenius acting on Y . Given h ∈ H and ν ≥ 1 an integer, denote Λ(h • F ν ) the number of fixed points in Y by h • F ν . Let
The L-function of the cover Y → Y H with respect to the character χ H is defined by
Let ℓ = p be a prime number, J Y the Jacobian variety of Y and T ℓ (J Y ) its ℓ-adic Tate module. Let End Z ℓ (T ℓ (J Y )) be the endomorphism ring of T ℓ (J Y ). We have a representation η : G → End Z ℓ (T ℓ (J Y )) given by σ → α a primitive m-th root of unity in Q with one in Q ℓ so that the characters
It is a result due to Weil [9] 
is a polynomial in t with coefficients in Z ℓ and u χ H = 1, if χ H is the trivial character, otherwise u χ H = 0. Identifying Z as a subring of Q ℓ we can consider idempotent relations in Q ℓ [G] with integral coefficients.
Theorem 1 Suppose we have an idempotent relation
Proof. By (1) and (2)
L-functions mod p and p-ranks
Our second result is to obtain a version of Theorem 1 modulo p. In order to do this we need a p-adic expression for the L-function. This is achieved through the cohomology of Witt vectors [7] .
Cohomology of Witt vectors
Let F q be the algebraic closure of F q and Y = Y × Fq F q . For each P ∈ Y , let O P be the local ring at P and for each integer n ≥ 1 let W n (O P ) be the ring of Witt vectors of length n with coefficients in O P . These rings define a sheaf W n in Y called the sheaf of Witt vectors of length n. We consider the first cohomology groups
There is a natural surjective homomorphism W n+1 (F q ) → W n (F q ) for every integer n ≥ 1 which makes the set {W n (F q )} n≥1 a projective system. The ring W (F q ) = lim ← − n W n (F q ) called the ring of Witt vectors of F q . The above surjections induce surjections
. By our choice of q we can identify a primitive m-th root of unity in Q with one in F q and consider the irredducible characters of subgroups H of G taking values in F q . Furthermore, under the identification of F q as a subring of W (F q ), these values are identified with elements of W (F q ). In particular, the decomposition of
, where χ H runs through the irreducible characters of H. Let K be the algebraic closure of the field of fractions K of W (F q ) and V p = L(J Y ) ⊗ W (Fq) K. As above we have a representation ρ p : G → V p defined by σ → α * σ,p and also an element
Remark 3 One consequence of this proposition is that
has p-adic integral coefficients, hence may be reduced modulo p.
The Cartier operator and generalized p-ranks
Let Ω 
C given by pD = div(f ) → df /f which is compatible with the action of G. 
gives the following expression for the numerator of the L-function modulo p.
Identifying a primitive m-th root of unity in Q with one in K and Z as a subring of K we can consider idempotent relations in K[G] with integral coefficients. As a consequence of Theorem 1 and Proposition 4 we have our second result and its arithmetic corollary. [3] and [4] on relations among p-ranks of curves coming from idempotent relations.
Theorem 5 Suppose we have an idempotent relation
H⊂G n χ H e χ H = 0 in K[G] with n χ H ∈ Z, then H⊂G det(1 − C n t | e χ H Ω 1 Y (0)) nχ H = 1.
Corollary 6 Suppose we have an idempotent relation
H⊂G n χ H e χ H = 0 in K[G] with n χ H ∈ Z, then H⊂G n χ H γ Y,χ H = 0.
Unramified Galois covers
Let X be a smooth projective irreducible curve defined over an algebraically closed field l of characteristic p. In a previous paper [5] , we addressed the question of when there exists an unramified Galois cover Z of X whose Galois group is an extension of a group G of order prime to p by a p-group P . In order to do this we considered the Frattini subgroup Φ(P ) = [P, P ]P p of P and analyzed the action of G on the quotient P = P/Φ(P ). The necessary and sufficient condition for our answer to be positive was that there existed an unramified Galois cover C of X with Galois group G such that P is isomorphic as an
We express this numerically as follows. Let P = P ⊗ Fp F q and P = χ H e χ H P be the canonical decomposition of P as an F q [H]-module and let m χ H χ H (1) be the dimension of e χ H P as an F q -vector space. Then our second condition is rephrased as m χ H χ H (1) ≤ γ C,χ H for every irreducible character χ H of H. Our result has been generalized by Bouw [1] replacing unramified covers by tame covers.
We apply this set up to the case where
Theorem 8 Suppose we have an idempotent relation
Proof. By definition
Since n ≥ dim Fq e χ H P it follows as in [6, Theorem 2.1] that deg(det(1 − C n t | e χ H P)) = m χ H χ H (1). As a consequence we obtain from the theorem the following result.
Corollary 9
Suppose we have an idempotent relation H⊂G n χ H e χ H = 0 in K[G] with n χ H ∈ Z, then H⊂G n χ H m χ H χ H (1) = 0.
Remark 10 In order to realize the extension of H by P as the Galois group of an unramified Galois cover Z of X we need not only that the p-rank of P is at most equal to the p-rank of J Y , but also that the dimension of the eigensubpaces of P are at most equal to the generalized p-ranks of J Y . In this way we think of m χ H χ H (1) as a generalized p-rank of P . The motivation of the present paper was exactly to show that idempotent relations imply relations among each of the two types of generalized p-ranks presented here.
